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ABSTRACT
We investigate the upper stellar mass limit set by radiative feedback by the forming
star with various accretion rates and metallicities. To this end, we numerically solve
the structures of both a protostar and its surrounding accretion envelope assuming a
spherical symmetric and steady flow. The optical depth of the dust cocoon, a dusty part
of the accretion envelope, differs among the direct light from the stellar photosphere
and the diffuse light re-emitted as dust thermal emission. As a result, varying the
metallicity qualitatively changes the way that the radiative feedback suppresses the
accretion flow. With a fixed accretion rate of 10−3Myr−1, the both direct and diffuse
lights jointly operate to prevent the mass accretion at Z & 10−1Z. At Z . 10−1Z, the
diffuse light is no longer effective, and the direct light solely limits the mass accretion.
At Z . 10−3Z, the HII region formation plays an important role in terminating the
accretion. The resultant upper mass limit increases with decreasing metallicity, from
a few × 10 M to ∼ 103 M over Z = 1Z − 10−4 Z. We also illustrate how the
radiation spectrum of massive star-forming cores changes with decreasing metallicity.
First, the peak wavelength of the spectrum, which is located around 30µm at 1Z,
shifts to < 3µm at Z . 0.1Z. Second, a characteristic feature at 10µm due to the
amorphous silicate band appears as a dip at 1Z, but changes to a bump at Z . 0.1Z.
Using these spectral signatures, we can search massive accreting protostars in nearby
low-metallicity environments with up-coming observations.
Key words: accretion, accretion disks – stars: formation – stars: Population II –
stars: massive star
1 INTRODUCTION
Massive stars play pivotal roles in the formation and
evolution of galaxies. They impact mechanical feedback to
the interstellar medium, such as the formation and devel-
opment of HII regions, wind-driven bubbles, and supernova
remnants, which regulates the galactic-scale star formation
activities. They also control the cosmic chemical evolution
by forging and ejecting heavy elements in supernova explo-
sions. Their roles would be more significant in young, low-
metallicity galaxies. For instance, copious ionizing photons
from massive stars in such galaxies may have caused the
reionization of the universe. In understanding various as-
pects of the early structure formation, detailed knowledge
of massive star formation in low-metallicity environments is
essential.
The standard scenario postulates that the star forma-
tion begins with the cloud collapse which eventually pro-
? E-mail:fukushima@astr.tohoku.ac.jp
duces an embryo protostar. The protostar then accretes the
gas from a surrounding envelope, and grows in mass. The
evolution in such a late accretion stage is vital for under-
standing the massive star formation (e.g., Zinnecker & Yorke
2007), because the stellar luminosity also rapidly increases
and potentially impacts the strong feedback which may halt
the accretion. Since the final stellar mass is determined when
the accretion ceases, understanding of the interplay between
the radiative feedback and accretion flow is indispensable to
derive how massive the star finally becomes. Regarding the
present-day massive star formation, previous studies have
shown that radiation pressure exerted on dust grains be-
comes strong enough to disturb the accretion flow (e.g., Lar-
son & Starrfield 1971; Kahn 1974; Yorke & Kru¨gel 1977). In
particular, under the assumption of the spherical symme-
try, the accretion is terminated by such an effect before the
stellar mass exceeds 20M with < 10−5Myr−1, i.e., typical
rates for the low-mass star formation (so-called “radiation
pressure barrier”; Wolfire & Cassinelli 1987). McKee & Tan
(2003) proposed that the massive star formation actually
© 2017 The Authors
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occurs under some non-standard conditions such as massive
dense cores supported by turbulence and/or magnetic fields,
where the rapid accretion with ÛM & 10−4Myr−1 is realized.
Recent multi-dimensional simulations also show that the ra-
diation pressure is less powerful than previously thought,
because photons predominantly escape through less dense
parts in the accretion envelope, e.g., polar directions in the
case of the disk accretion (e.g., Yorke & Bodenheimer 1999;
Krumholz et al. 2009; Kuiper et al. 2010; Klassen et al. 2016;
Rosen et al. 2016).
In the primordial star formation, on the other hand,
there is no radiation-pressure barrier because of the lack of
dust grains. A plausible mass limiting mechanism will be
due to an HII region created around the protostar, as it ex-
pands through the accretion envelope owing to the excess gas
pressure. Following pioneering studies assuming the spheri-
cal symmetry (e.g., Yorke 1986; Omukai & Inutsuka 2002,
and references therein) , particular attention is paid to how
the feedback operates in realistic situations such as the disk
accretion in recent studies (e.g., Hollenbach et al. 1994; Mc-
Kee & Tan 2008; Hosokawa et al. 2011, 2016). Hosokawa et
al. (2011) show that, once an HII region begins to expand
dynamically through the accretion envelope, the gas infalling
toward the disk is blown away, so that the mass supply onto
the protostar is eventually suppressed. Note that the ex-
pansion of the HII region is driven by its gas pressure ex-
cess, and thus the resulting feedback essentially differs from
that caused by the radiation pressure described above. The
UV feedback potentially works also in the present-day cases
(e.g., Yorke & Welz 1996), but it is still uncertain how the
radiation-pressure barrier and UV feedback jointly operate.
Although still in debate, the studies above clearly sug-
gest that the radiative feedback works differently among the
present-day and primordial massive star formation, implying
its variations over metallicities. Hosokawa & Omukai (2009b)
(hereafter HO09b) presented a study on such metallicity-
dependence with a full coverage of 0 ≤ Z ≤ Z assuming the
spherical symmetry. They estimate the upper mass limits set
by each feedback effect with simple analytic arguments. The
accretion histories onto the protostar are obtained from the
thermal evolutionary tracks of a collapsing core at various
metallicities (Omukai et al. 2005). Their results are briefly
summarized as follows. Since the average accretion rate is
higher with the lower metallicity, the resulting protostellar
evolution also differs with different metallicities. In addi-
tion, the accretion envelope has lower dust opacity for lower
metallicity, the dominant feedback mechanism changes de-
pending on metallicity. H09b have derived the upper mass
limit as a function of the metallicity, which are set by the
radiation pressure on dust grains for Z & 10−3 Z and by
the expansion of the HII region for Z . 10−3 Z.
In this paper, we further improve our treatments to de-
rive the metallicity-dependent upper stellar mass limits set
by the protostellar feedback. First, our calculation covers
a much broader range of the different accretion rates for
a given metallicity, reflecting the fact that such diversity
is commonly expected at both the solar and zero metallic-
ities (e.g., McKee & Tan 2003; Hirano 2015). Second, in
addition to the analytic approach employed in HO09b, we
also investigate the radial structure of the accretion enve-
lope by numerically solving the frequency-dependent radi-
ation transport consistently through it. This allows us to
protostar photosphere dust destruction front
: Accretion Flow : direct light : diffuse light
Figure 1. A schematic view of an accretion envelope around a
protostar with non-zero metallicity and high accretion rate, i.e.,
Z = Z and ÛM∗ = 10−4 Myr−1. Since the innermost dust-free
accretion flow becomes optically thick before hitting the stellar
surface, the photosphere appears within the accretion flow. Dust
grains are only contained in the outer part beyond the dust de-
struction front, where the grain temperature reaches the subli-
mation value. The UV and optical light directly coming from the
photosphere is absorbed in a thin layer at the dust destruction
front, and re-emitted as the diffuse IR light.
derive radiation spectrum of massive star-forming cores at
low metallicities, with which we predict their observational
signatures. For instance, a low-metallicity massive proto-
star exhibits a broader and harder radiation spectrum than
its solar-metallicity counterpart. Such characteristic features
will be useful for future observational surveys for nearby low-
metallicity massive protostars.
We organize the rest of the paper as follows. In Section
2, we first overview the protostellar evolution under differ-
ent accretion rates and metallicities. We then analytically
estimate the upper mass limits set by radiative feedback for
a wide range of the accretion rates and metallicities in Sec-
tion 3. Next, we construct numerical models of an accretion
envelope around the protostar, through which the frequency-
dependent radiative transfer is solved. Sections 4 and 5 are
devoted to describe the method and results of such numerical
modeling. In Section 6, we apply our numerical modeling to
the typical accretion histories expected at each metallicity,
and compare the results to our previous work H09b. Finally,
our basic results are summarized with related discussions
in Section 7. We also briefly describe methods used in our
numerical modeling in Appendixes A and B.
2 PROTOSTELLAR EVOLUTION
The strength of the protostellar radiation feedback de-
pends on the stellar luminosity and effective temperature,
which are given by solving the stellar interior structure. We
MNRAS 000, 1–21 (2017)
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Figure 2. The protostellar evolution with different metallicities
and accretion rates. The top and bottom panels show the evo-
lution of the stellar radius and luminosity respectively against
the stellar mass. In each panel, the red, green, and blue curves
represent the different accretion rates of ÛM = 10−3, 10−4, and
10−5 Myr−1. For each accretion rate, the solid, dotted, and dashed
lines are for the metallicities of Z = 1, 10−2, and 10−4Z.
have developed numerical models of the protostellar evo-
lution in our previous studies (e.g., Hosokawa & Omukai
2009a, for full details), which are briefly reviewed in what
follows.
Figure 1 schematically shows the structure of an ac-
cretion envelope around a protostar at non-zero metallicity.
The outermost part is the dust cocoon, where the gas falls
toward the star together with dust grains. We assume that,
throughout the paper, dust grains are perfectly coupled with
the gas in their motion. In an inner side of the dust cocoon,
the grains are heated up by the stellar irradiation and subli-
mate at the dust destruction front. The envelope is dust-free
within this radius, where the gas is mostly optically thin for
the stellar light owing to the small gas opacity. In a very
vicinity of the star, however, even the dust-free flow becomes
optically thick if the accretion rate is high enough. The pho-
tosphere appears where the gas is still in free-fall. For such
a case, the position of the photosphere differs from that of
the stellar surface, where the accreting gas hits on the star
forming a shock front.
In the calculations of the protostellar evolution, we
only solve the structure of the stellar interior and, if any,
optically-thick part of the dust-free accretion flow. The
structure of the outer accretion envelope is separately con-
sidered from the inner part (Section 4). We solve the so-
called four stellar structure equations, i.e., continuity, hydro-
static balance, energy conservation and transport with tak-
ing account of effects of the mass accretion (e.g., Hosokawa &
Omukai 2009a). The outer boundary conditions are provided
by the jump condition at the surface shock front (Stahler et
al. 1980a; Hosokawa & Omukai 2009a). If the dust-free flow
remains optically thin until hitting the surface, we just as-
sume a free-fall profile. Otherwise, we guess the position
of the photospheric radius Rph that satisfies ρκRph = 1,
and solve the flow structure for r < Rph using the diffusion
approximation for the radiation transport. We construct a
model which satisfies the outer boundary condition by an it-
erative shooting method (e.g., Stahler et al. 1980a; Hosokawa
& Omukai 2009a). Assuming the free-fall for the optically-
thin part is not accurate because in the dust cocoon the flow
may be substantially decelerated by the radiation pressure
to deviate from the free-fall flow (see Section 5 below). Even
for such a case, however, the gas is accelerated again by the
gravitational pull once passing through the dust destruction
front because the opacity is substantially reduced. As a re-
sult, the free-fall velocity is easily recovered.
We start an evolutionary calculation with an initial
model with M∗ = 0.05M constructed following Stahler et
al. (1980b). With a high accretion rate such as 10−3Myr−1,
we adopt the larger initial mass 0.1M to facilitate the nu-
merical convergence of the iterative process. The protostellar
evolution does not differ with different initial models except
in an early stage immediately after starting calculations.
The evolution of the stellar luminosity and radius are
shown in Figure 2 for some representative cases. Note that
the total luminosity L∗ is the sum of the stellar interior lu-
minosity Lint and accretion luminosity Lacc. The protostel-
lar evolution is divided into four characteristic stages (e.g.,
Hosokawa & Omukai 2009a): (1) the adiabatic accretion
(M∗ . 4M), (2) swelling (4M . M∗ . 6M), (3) Kelvin-
Helmholtz contraction (6M . M∗ . 15M), and (4) main
sequence accretion (M∗ & 15M), where the mass ranges
are for the case with ÛM = 10−4Myr−1 and Z = 1Z. With
lower metallicity, the transitions among the stages occur at
lower stellar masses, except the arrival to the stage (4). The
evolution in each stage is briefly described as follows:
(1) adiabatic accretion: In the early stage where the proto-
star mass is small, the accretion time tacc = M∗/ ÛM is smaller
than Kelvin-Helmholtz time tKH = (GM2∗ )/(RLint). The pro-
tostar evolves adiabatically because the amount of entropy
brought into the star with the accretion flow is larger than
that emitted by radiation. The evolution of the radius R∗
and luminosity L∗ shows no metallicity-dependencies.
(2) swelling: The stellar radius temporarily increases to ex-
ceed 100R at maximum, which is caused by the outward
transport of the accumulated entropy in the stellar deep in-
terior by the so-called luminosity wave (Stahler et al. 1986).
With the same accretion rate, the swelling occurs at lower
stellar mass with lower metallicity (top panel of Figure 2).
(3) Kelvin-Helmholtz contraction: With the timescale bal-
ance of tacc ≥ tKH, the protostar is able to emit the inter-
nal energy by radiation and then contracts. This contrac-
tion continues until the interior temperature becomes high
enough to commence hydrogen burning.
(4) main sequence accretion: After the star enters this stage
where the hydrogen burning takes place near the stellar cen-
MNRAS 000, 1–21 (2017)
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ter, the protostar radius becomes independent of the accre-
tion rates. The low-metallicity stars cannot achieve efficient
hydrogen burning via the CNO cycle with its original small
abundance of metals. The protostar then continues to con-
tract until CNO elements are additionally provided by the
3-α reactions. At the lower metallicities, the radius of the
main sequence star is thus smaller than its solar-metallicity
counterpart.
3 ANALYTICAL ESTIMATE FOR UPPER
MASS LIMITS
We first analytically estimate the upper stellar mass
limits for various metallicities Z and accretion rates ÛM, using
the protostellar evolution presented in the previous section.
We consider the two feedback effects caused by the radiation
pressure exerted on dust grains, and the formation of an HII
region by ionizing photons.
Our calculation covers a broad range of the metallicity
of 0 ≤ Z ≤ 1 Z. The mean accretion rate onto the protostar
scales approximately with the temperature of a collapsing
dense core as
ÛM ∼ MJ
tff
∼ c
3
s
G
= 2.5 × 10−6
(
T
10K
)3/2
Myr−1, (1)
where MJ , tff =
√
3pi/32Gρ , cs and T are the Jeans mass,
the free fall time, the sound speed and the gas tempera-
ture. Since the typical core temperature varies over the range
10 K . T . 103K depending on metallicity, the correspond-
ing accretion rate covers 10−5Myr−1 . ÛM . 10−3Myr−1
(Omukai et al. 2005, HO09b). In this paper, we also con-
sider that, even at the same metallicity, the mean accretion
rates can be different to some extent. Recall that very rapid
accretion with & 10−4 Myr−1 is postulated in high-mass
star formation in the Milky Way, where the typical value for
low-mass star formation is less than 10−5 Myr−1 (e.g., Mc-
Kee & Tan 2003). In order to take such additional diversity
into account, we examine the cases with different accretion
rates ÛM = 10−3, 10−4, and 10−5Myr−1 for each metallicity.
3.1 Optical depth of dust cocoon
In order to investigate the feedback caused by the ra-
diation pressure, we first estimate the optical depth of the
dust cocoon at a frequency ν by integrating outward from
the dust destruction radius Rd as
τν =
∫ ∞
Rd
κνρdr =
ÛMκν
2pi
√
2GM∗
R−1/2d , (2)
where we have used the continuity equation for spherically
symmetric steady flow
ρ =
ÛM
4pir2 |u| , (3)
and assumed the free-fall velocity for u as
u = uff =
√
2GM∗
r
. (4)
The radial position of the dust destruction front Rd,
which is still unknown in Equation (2), is estimated as fol-
lows. We assume that the temperature of dust grains is de-
termined by the balance between the absorption and emis-
sion of photons. Since the dust evaporates at the sublimation
temperature ' 1200K, such energy balance at r = Rd is given
by ∫
κν Jν(Rd)dν =
∫
κνBν(1200K)dν. (5)
Neglecting small opacity between the stellar photosphere
and the dust destruction front, the mean intensity Jν(r) is
written as
Jν(r) = Bν (Teff)2
©­«1 −
√
1 −
( Rph
r
)2ª®¬ , (6)
where Rph is the stellar photosphere radius, and Teff is effec-
tive temperature. We can derive Rd by substituting Equation
(5) into (6),
Rd =
Rph
2
√
xd(1 − xd)
' 110AU
(
L∗
105L
)1/2 ( κP (Teff)
400cm2g−1
)1/2
, (7)
where the Planck mean opacity κP is defined by
κP(T) =
∫ ∞
0 κνBν(T)dν∫ ∞
0 Bν(T)dν
, (8)
and xd is
xd =
(
1200K
Teff
)4 κP(1200K)
κP(Teff)
, (9)
which is well approximated as xd  1 because the effective
temperature Teff is sufficiently higher than 1200K.
3.2 Suppression mechanisms of mass accretion
3.2.1 Radiation pressure in dust cocoon
If the dust cocoon is optically thick for the stellar irradi-
ation, most of photons coming from the stellar photosphere
are absorbed and re-emitted as the dust thermal emission.
Hereafter we call the former as the direct light, and the latter
as the diffuse light. The optical depths of the dust cocoon
for such direct and diffuse lights control how the radiation
pressure affects the dusty accretion flow. For the direct light,
we use the opacity at the frequency νmax = 1.18× 1015Hz (or
the wavelength λmax = 0.254µm), where the Planck func-
tion with the typical stellar effective temperature, 2 × 104K,
takes the maximum value. For the diffuse component, on
the other hand, the Rosseland mean opacity at T = 500 K
provides a good approximation. The numerical values for
the direct and diffuse lights are κUV = 350(Z/Z)cm2g−1 and
κIR = 5(Z/Z)cm2g−1 respectively, i.e., the former is 70 times
larger than the latter.
The conditions for suppressing the mass accretion by
the radiation pressure can be classified as in the following
(i), (ii), and (iii), depending on whether the optical depths
of the dust cocoon for the direct and diffuse lights, τUV and
τIR, exceed the unity or not:
(i) τUV, τIR > 1:
In this case, the direct light is absorbed and re-emitted in
a thin layer near the dust destruction front. Since the dust
MNRAS 000, 1–21 (2017)
Upper mass limit in spherical accretion 5
M∗ [M¯ ]
1
10−1
10−2
10−3
Z
[Z
¯
]
(i)
(ii)
(iii)
(iv)
10−3M¯yr−1
τIR
> 1
τUV
> 1
(a)
M∗ [M¯ ]
1
10−1
10−2
10−3
Z
[Z
¯
]
(i)
(ii)
(iii)
(iv)
10−4M¯yr−1(b)
1 10 102 103
M∗ [M¯ ]
1
10−1
10−2
10−3
10−4
Z
[Z
¯
]
(ii)
(iii)
(iv)
10−5M¯yr−1(c)
Figure 3. The analytically-estimated upper mass limits with dif-
ferent constant accretion rates ÛM = 10−3 Myr−1 (top panel),
10−4 Myr−1 (middle panel), and 10−5 Myr−1 (bottom panel). In
each panel, the solid line shows the variation of the upper mass
limits with different metallicities: (i) the radiation pressure by the
diffuse light terminates the mass accretion; (ii) the flow is decel-
erated mostly by the direct radiation pressure around the dust
destruction front; (iii) the radiation pressure by the direct light
onto the entire cocoon decelerates the flow; (iv) the stellar mass
is limited by the growth of the HII region. The contributions by
individual feedback effects are also plotted with the different lines
in the grey-shaded area. The red- and blue-shaded areas denote
that the optical depth of the dust cocoon exceeds the unity for
the diffuse and direct lights.
cocoon is also optically thick for the diffuse light, the re-
emitted IR photons proceed outward via diffusion. The total
momentum received by the dust cocoon is∫ ∞
Rd
κIRL∗
4pir2c
(
4pir2ρ
)
dr =
L∗
c
∫ ∞
Rd
κIRρdr =
L∗τIR
c
, (10)
while the momentum carried by the absorbed direct light is
L∗/c. Hence, with τIR > 1, the radiation pressure caused by
the diffuse light dominates the contribution from the direct
light. The mass accretion is terminated when the stellar lu-
minosity exceeds the Eddington value defined with the IR
opacity κIR (HO09b),
L∗ > LEdd,IR =
4picGM∗
κIR
. (11)
(ii) τUV > 1, τIR < 1:
Although the direct light is absorbed near the dust destruc-
tion front as in case (a), the re-emitted IR diffuse light now
escapes through the cocoon freely. The accretion flow re-
ceives the radiation pressure dominantly from the direct
light. In a spherical shell near the dust destruction front
where the direct light is totally absorbed, the accretion flow
receives the momentum flux L∗/(4piR2dc) from the radiation.
The accretion flow will be in stall if this momentum flux
exceeds that by the accretion flow ρu2 (Wolfire & Cassinelli
1987), which is written as
L∗
4piR2dc
> ρu2. (12)
Substituting equations (3) and (4), equation (12) becomes
ÛM < L∗
uc
=
L∗
c
(
2GM∗
Rd
)1/2
. (13)
(iii) τUV, τIR < 1:
Because the dust cocoon is optically thin, the direct light
travels through the dust cocoon without being absorbed. In
this case, the mass accretion can be hindered if the stellar
luminosity L∗ exceeds the Eddington value defined with the
UV opacity κUV (HO09b), which is written as
L∗ > LEdd,UV =
4picGM∗
κUV
. (14)
3.2.2 HII region formation
Ionizing photons emitted from a protostar create an HII
region in its surroundings. When the HII region expands
dynamically, mass accretion is terminated by the pressure
gradient. The epoch when such strong feedback is impacted
can be estimated by measuring the size of the HII region as
follows.
First, the stellar emissivity of ionizing photons S(sec−1)
is given by
S = 4piR2∗
∫ ∞
νL
piBν(Teff)
hν
dν, (15)
where Teff , R∗, and νL are the stellar effective temperature,
radius, and the Lyman limit frequency. The radius of the
HII region RHII is determined by setting the supply rate of
the ionizing photons equal to the consumption rate (e.g.,
Omukai & Inutsuka 2002),
S =
∫ RHI I
R∗
αBn(H+)n(e−)dV +
ÛM
µmH
, (16)
where αB is the case-B recombination coefficient. In Equa-
tion (16), the first term on the right hand side represents the
recombination rate of ionized hydrogen, and the second term
is the supply rate of neutral hydrogen carried into the HII
region by the accretion flow. Since the second term is much
MNRAS 000, 1–21 (2017)
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smaller than the first term with the accretion rates consid-
ered in this paper, we ignore this term. The radial density
distribution within the HII region, which is necessary in per-
forming the integration in equation (16), is calculated in a
following way. Since the gas receives the radiation pressure
via the electron scattering within the HII region, the equa-
tion of motion is given by
u
du
dr
= −GM∗
r2
(1 − Γ) , (17)
where Γ = L∗/LEdd, and LEdd = 4picGM∗/κsc is the Edding-
ton luminosity defined with the electron scattering opacity.
We derive the density profile within the HII region using
Equations (3), (4), and (17),
ρ =
ÛM
4pir2
[
2GM∗
RHII
Γ +
2GM∗
r
(
1 − Γ) ] , (18)
where we have assumed that the accretion flow is well de-
scribed as the free-fall outside the HII region. Substitut-
ing Equation (18) into Equation (16) using n(H+) = n(e−) =
ρ/µmH for the fully ionized gas, we obtain
S =
αB ÛM2
8piµ2m2HG (1 − Γ)M∗
ln
(
Γ +
RHII
R∗
(1 − Γ)
)
, (19)
which is further transformed as
RHII = R∗
{
exp
[
8piµ2m2HGM∗
αB ÛM2
(1 − Γ) S
]
− Γ
} /
(1 − Γ) . (20)
This equation suggests that the HII region rapidly expands
once the stellar emissivity of ionizing photons exceeds a crit-
ical value (Yorke 1986; Omukai & Inutsuka 2002),
S ' αB
ÛM2
8piµ2m2HGM∗ (1 − Γ)
. (21)
As a critical size of the HII region, we consider the grav-
itational radius for the ionized gas
rg ≡ GM∗
c2HII
, (22)
where cHII is the sound velocity of the photoionized gas.
When the HII region is smaller than the gravitational ra-
dius, the gas plunges into the HII region at the supersonic
velocity. The presence of the large pressure excess of the HII
region never propagates to the outer neutral flow, so that
the accretion is not hindered. Once the radius of the HII
region exceeds the gravitational radius, however, the accre-
tion flow has only subsonic velocity at the ionizing front. At
this moment, the HII region begins to expand dynamically
forming a preceding shock front, blowing away the accreting
gas. Therefore, the condition for terminating the accretion
by the formation of the HII region is given by
RHII > rg. (23)
In this paper, in order to calculate RHII and rg, we as-
sume that the HII region temperature is 104K , and use
the recombination rate of hydrogen αB = 2.6 × 10−13cm3s−1
(Hummer & Storey 1987), the electron scattering opacity
κsc = 0.34cm2g−1 and µmH = 2.2 × 10−24g.
3.3 Z- and ÛM-dependence of upper stellar mass
limits
Figure 3 shows the analytically-estimated upper stellar
mass limits for each metallicity with different accretion rates
ÛM = 10−3, 10−4, and 10−5Myr−1. In each panel, the solid
line represents the upper limits set by the feedback, i.e., the
radiation pressure exerted on dust grains or the formation
of an HII region. The grey shaded area indicates that the
steady accretion is not allowed by such feedback effects. We
can also see the contributions from the individual feedback
effects: (i) radiation pressure on to the entire cocoon by the
diffuse light (Eq. 11, short dashed lines), (ii) radiation pres-
sure on to the dust destruction front (Eq. 13, dot-dashed
lines), (iii) radiation pressure on to the entire cocoon by the
direct light (Eq. 14, long dashed lines), and the formation
of the HII region (Eq. 23, dot-dot-dashed lines).
First, we focus on the cases with the accretion rate
ÛM = 10−3Myr−1 (Fig. 3-a), which occur in the present-day
high-mass star formation or low-metallicity environments
where the accretion envelope has relatively high tempera-
ture. In this case, for Z & 0.1 Z, the radiation pressure
caused by the diffuse light (e.g., Eq. 11) is most effective to
limit the stellar mass. The upper mass limit is ' 20 M at
Z = 1 Z, which increases with decreasing metallicity be-
cause the cocoon’s IR optical depth decreases. At the lower
metallicities of 4×10−3 Z . Z . 0.1 Z, the radiation pres-
sure at the dust destruction front provides the most strin-
gent upper limits, which do not vary with Z at M∗ ' 60M.
The dust cocoon becomes optically thin for the stellar direct
light even for M∗ . 60M at even lower metallicities in the
range 10−3 Z . Z . 4 × 10−3 Z. The direct light is not
absorbed at the dust destruction front any more, but travels
freely through the dust cocoon. The radiation pressure by
the direct light over the whole cocoon causes the strongest
feedback at such metallicities. At Z < 10−3Z, where the
radiation pressure on dust grains becomes ineffective, the
HII region formation is the primary feedback mechanism to
terminate the mass accretion. In this case, the upper mass
limit is about 103M from Equation (23), and is hardly de-
pendent on the metallicity. In summary, with the accretion
rate ÛM = 10−3Myr−1, we can divide the metallicity range
into three regions according to the dominant feedback mech-
anism : 0.1 Z . Z with the radiation pressure by the diffuse
light through the dust cocoon, 10−3 Z . Z . 0.1 Z with
the radiation pressure by the direct light at the dust de-
struction front, and Z . 10−3Z with the HII region forma-
tion. We have ignored the narrow range where the radiation
pressure through the cocoon by the direct light is most ef-
fective. The upper mass limit changes almost stepwise as
M∗ ' 20M, 60M, and 103M over these three ranges of
metallicity.
Next, we consider the cases with the ten times lower
accretion rate ÛM = 10−4Myr−1 presented in Figure 3 (b).
As in panel (a), the upper mass limit varies almost step-
wise over different metallicities: ' 20M (Z & 0.6Z), 30M
(10−2Z . Z . 0.6Z), and 90M (Z . 10−2Z). Mech-
anism of terminating the mass accretion changes with de-
creasing metallicity, in the same ordering as in the case of
ÛM = 10−3Myr−1. At a fixed metallicity and stellar mass, the
optical depths over the dust cocoon τUV and τIR are lower for
the lower accretion rate. Therefore, the dominant feedback
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mechanism switches each other at higher metallicity than in
the case of ÛM = 10−3Myr−1 shown in panel (a). We also see
that the upper mass limit is somewhat smaller than in panel
(a), especially for Z . 0.6 Z, reflecting the ÛM-dependencies
in the conditions given by equations (13) and (23).
In the same manner, Figure 3 (c) shows the cases with
ÛM = 10−5Myr−1. In this case, at even 1Z, the dust cocoon
is optically thin for the diffuse light (i.e., τIR < 1) when
the radiation feedback becomes strong enough to limit the
accretion. As a result, the full range of the metallicity is
divided into the two regions where the upper mass limits are
' 10M for Z & 5 × 10−2Z and 20M for Z . 5 × 10−2Z.
With such a accretion rate, the formation of massive stars
with M∗ & 20M is not allowed by the feedback effects even
at the lowest metallicity Z . 10−4 Z.
Note that there is a critical metallicity Zlimit, below
which the radiation pressure becomes ineffective to termi-
nate the mass accretion. Since the stellar luminosity never
exceeds the usual Eddington value defined with the electron
scattering opacity, radiation pressure on dust grains does
not surpass the gravitational pull if the dust opacity for the
direct light 350 (Z/Z) cm2g−1 is smaller than the electron
scattering opacity, i.e.,
Z < Zlimit = 1.0 × 10−3Z . (24)
This critical metallicity becomes important in the cases with
10−3Myr−1, where the formation of the HII region sets
the upper mass limits at Z . Zlimit. With the lower ratesÛM . 10−4Myr−1, however, the HII region formation is more
effective than the radiation pressure at Z ' Zlimit, and lim-
its the accretion at the lower stellar masses (Eq. 23). As a
result, the HII region formation sets the upper mass limits
also at higher metallicities, Z & Zlimit.
In what follows, we present in more detail our numer-
ical models of the accretion envelope fully coupled with
frequency-dependent radiation transport. We derive the up-
per mass limits from such numerical modeling, and compare
them to the analytic estimates above.
4 METHOD OF CALCULATIONS OF
ACCRETION ENVELOPES
In this section, we describe how we construct the nu-
merical models of the accretion envelope, with which we
investigate the upper stellar mass limits for various metal-
licities Z and accretion rates ÛM in Section 5. We determine
the envelope structure consistently with the stellar evolution
calculations presented in Section 2, i.e., with the stellar lu-
minosity L∗ and radius R∗ for a given stellar model with the
mass M∗. For simplicity, we assume the spherically symmet-
ric and steady accretion flows.
In the modeling of the accretion envelope, we construct
solutions where the radial distributions of the density and
temperature (ρ,T) and those of the radiation energy density
and flux are consistent with each other. The procedures are
divided into the following two steps:
(i) For given radial profiles of the density and tempera-
ture (ρ,T), we calculate the radiative transfer to obtain the
radiative energy-density and flux distributions.
(ii) We then update the density and temperature distri-
butions using the radiation field distribution obtained above.
0thray
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20thray
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・
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r1 rN
(N + 19)thray
Figure 4. The geometry of rays for the ray-tracing calculation.
The central filled half circle denotes the protostar, and the outer
concentric black circles represent the spherical grids, whose to-
tal number is N = 600 for our default setting. The inner and
outer boundaries are at r = r1 and rN respectively. The horizontal
arrows represent the rays distributed over the computational do-
main. We set 20 rays which penetrate the star. The inner bound-
ary condition (Eq. 27) is applied on the black circles on the stellar
surface, while on the outer-boundary points (i.e., crosses) the con-
dition of no-incoming intensity is imposed.
We iterate the above two steps until we get numerical con-
vergence, i.e., the distributions (ρ,T) no longer change any-
where in the envelope.
4.1 Radiative transfer
We solve the frequency-dependent radiative transfer
equation using the variable Eddington factor method (e.g.,
Mihalas & Weibel-Mihalas 1984). Our calculation covers the
wavelength range of 300 ≤ λ ≤ 3 cm (1010Hz ≤ ν ≤ 1016Hz in
frequency) with 50 bins equally distributed on a logarithmic
scale.
Figure 4 shows the geometry of rays along which we
solve the radiative transfer equation
dIν
ds
= −ρκν (Iν − Sν) , (25)
where Iν(r, µ) is the intensity, s the distance along a ray, µ
the cosine between the ray and the line connecting a given
point and the center, and Sν the source function defined as
Sν =
κabsν Bν + σ
scJν
κabs + σsc
, (26)
where κabsν and σ
sc
ν are the absorption and scattering opacity,
and Jν is the mean intensity. We set 20 rays passing through
the protostar, and also put rays on the all spherical grids ori-
ented in the tangential directions. To solve equation (4.1),
Bν is obtained with a given temperature distribution. With a
guessed distribution of Jν . we can solve the ray-tracing equa-
tions with the following boundary conditions. For the inner
boundary condition, we assume the diffusion approximation
Iν = Bν +
µ
ρκν
dBν
dr
= Bν +
µ
ρκν
∂Bν
∂T
dT
dr
, (27)
which is valid near the stellar surface except in a brief evo-
lutionary stage where the protostar swells and the optical
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depth decreases. The temperature gradient in equation (27)
is given by
dT
dr
= 3Hνρκν
(
∂Bν
∂T
)−1
, (28)
where Hν ≡ Fν/(4pi) is written as
Hν =
L∗
(4piR∗)2
(
∂Bν
∂T
) / (∫ ∞
0
∂Bν
∂T
dν
)
. (29)
As for the outer boundary condition, we assume that no ra-
diation comes into the computational domain. We calculate
the Eddington factor with the intensity Iν(r, µ) obtained by
the ray-tracing,
fν(r) = Kν/Jν =
(∫ 1
−1
Iν(r, µ)µ2dµ
) / (∫ 1
−1
Iν(r, µ)dµ
)
, (30)
with which we integrate the moment equations of the radi-
ation transfer equation (4.1),
1
r2
∂
(
r2Hν
)
∂r
= −κνρ (Jν − Sν) (31)
∂ ( fν Jν)
∂r
+
(3 fν − 1) Jν
r
= −κνρHν, (32)
where Jν and Hν are the zeroth and the first moment of in-
tensity. We construct the solution which satisfies the bound-
ary conditions with a small number of iterations (typically
dozens), by transforming the term κνBν in the source func-
tion Sν (Eq. 26) into the form only including Jν (see Ap-
pendix A for more details).
Figure 5 shows the frequency-dependent dust absorp-
tion and scattering opacity we adopt. Since the dust opacity
has the strong frequency-dependence, the radiation pres-
sure on the dust cocoon cannot be evaluated accurately
without frequency-dependent radiative transfer calculations.
(Wolfire & Cassinelli 1986; Edgar & Clarke 2003). We as-
sume that the dust opacity is simply in proportion to the
metallicity,
κdν =
(
Z
Z
)
κdν (33)
σdν =
(
Z
Z
)
(1 − 〈g〉ν)σdν, (34)
where 〈g〉ν is the rate of forward scattering. We use the inter-
stellar values for κdν,σdν and 〈g〉ν as in Wolfire & Cassinelli
(1986), also assuming the two components of graphite and
silicate grains. The dust cross sections are calculated by
means of the Mie theory (Bohren & Huffman 1983; Wolfire
& Cassinelli 1986), using the dielectric functions given by
Draine & Lee (1984) and Draine (2003). We assume the so-
called MRN mixture (Mathis et al. 1977) for the grain size
distribution,
ni(a)da = Cia−3.5da, (i = graphite, silicate), (35)
where Ci is the scale factor also by Draine & Lee (1984). The
maximum and minimum grain sizes are 0.25µm and 0.005µm
respectively.
The grains evaporate above the sublimation tempera-
ture
Tvap = gρβ, (36)
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Figure 5. The grain opacities used in our calculation for the
accretion envelope. Top panel: the frequency dependence of the
absorption opacity κdν and the scattering opacity σdν. Bottom
panel: same as the top panel but for 〈g〉ν
where g = 2000, and β = 0.0195 (Isella & Natta 2005). Since
β is small, the sublimation temperature depends only weakly
on the density and typically Tvap ' 1200 K. We incorporate
this effect by multiplying the opacity by a reduction factor
 ,
(T, ρ) = 1
1 + exp((T − Tvap)/50), (37)
following Kuiper et al. (2010). Since we consider the gas
opacity only for the absorption, we use
κabsν = κ
g + (T, ρ)κdν, (38)
where κg is the gas opacity, and for the scattering
σscν = (T, ρ)σdν . (39)
We use the grey gas opacity because it does not strongly de-
pend on frequency in the relevant range in the stellar pho-
tosphere where the gas component dominates the opacity.
We use the same opacity tables as in Hosokawa & Omukai
(2009a): the OPAL tables for T > 7000 K (Igresias et al.
1996), and the tables given by Alexander et al. (1994) for
T < 7000 K with modifications of removing the contribu-
tion from the dust grains (Asplund et al. 2005; Cunha et al.
2006).
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4.2 Calculation of accretion flow structures
Next, we describe how to solve the flow structure, i.e.,
the radial distributions of density and temperature for the
radiation field obtained by solving the radiative transfer
equations (Sec. 4.1). Under the assumption of the spheri-
cal symmetry, the equation of motion is
u
du
dr
= −GM∗
r2
+
1
c
∫
κνFνdν, (40)
where we ignore the term of the thermal pressure gradient
which is sufficiently smaller than the radiation pressure and
gravity terms (Wolfire & Cassinelli 1987). With a constant
accretion rate, the velocity distribution u(r) is translated into
the density distribution using the continuity equation (3).
The energy equation is
u
de
dr
+ Pu
d
dr
(
1
ρ
)
= −Λchem − Λrad, (41)
where e = kT/µmH(γ − 1) is the internal energy per unit
mass, and γ is the adiabatic exponent. We also assume the
equation of state P/ρ = (kT)/(µmH) for the ideal gas. The
radiative cooling rate Λrad is given by
Λrad = Λcon + Λline, (42)
where Λcon and Λline represent the contributions by the con-
tinuum and H2 line emission,
Λcon = 4pi
(∫
κabsν Bνdν −
∫
κabsν Jνdν
)
, (43)
where κabsν is the absorption opacity, and
Λline = βescΛthin,H2e
−τC, (44)
where Λthin,H2 is the cooling rate via optically thin H2 emis-
sion, βesc the line-averaged escape probability, and τC the
continuum optical depth for the line emission. We approxi-
mate Λthin,H2 using a fitting formula given by Glover (2015).
The escape probability βesc is given as a function of the col-
umn density of hydrogen molecules
NH2 (r) =
∫ r′
r
n(H2)dr, (45)
where n(H2) is the number density of hydrogen molecules
and r
′
is the outermost radius within which the Doppler
shift caused by the flow velocity is less than the line width,
|v(r) − v(r ′)| < (vD(r) + vD(r ′))/2 (also see Appendix B for
more details). The line cooling with other molecules such
as CO and H2O is ignored because its contribution is minor
in comparison to the dust continuum cooling with the non-
zero metallicities. In our models, in fact, the H2 line cooling
is only effective in the primordial case. We calculate the
chemical cooling rate Λchem as
Λchem = −u
dchem
dr
, (46)
where chem is chemical binding energy. We consider the
species of H2,H,H+,He,He+,He2+ and e−, whose abundances
are obtained by solving the Saha equations.
We set the outer boundary at r = rout, where the density
is ρout = 10−19g cm−3 assuming the free-fall profile (Wolfire
& Cassinelli 1987),
rout =
( ÛM
4piρout
√
2GM∗
)2/3
. (47)
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Figure 6. The protostellar upper mass limits with different
metallicities at constant mass accretion rates of ÛM = 10−3,10−4,
and 10−5Myr−1. The symbols indicate the optical depth of the co-
coon and dominant mechanisms for halting the inflow at the lim-
its: (i) the cocoon is optically thick to both the diffuse and direct
radiation and the accretion is terminated by radiation pressure
by the diffuse light (♦); (ii) the cocoon is optically thin to the dif-
fuse radiation but still thick to the direct radiation, and the flow
is decelerated mostly by the direct radiation pressure around the
dust destruction front (O); (iii) the cocoon is optically thin also
to diffuse radiation, and so the direct radiation pressure onto the
entire cocoon decelerates the flow (). The dashed lines represent
the upper mass limits by the analytic argument as in Figure 3. At
lowest metallicities, the radiation pressure on to the dust cocoon
is not effective and the stellar mass is limited by the growth of
the HII region. In such cases, we show those limits by the symbol
© from the analytic argument.
The velocity at r = rout is given as uout =
√
2GeffM∗/rout,
where Geff is the effective gravitational constant considering
the radiation-pressure effect,
Geff = G
(
1 −
∫
κνLνdν
4piGM∗c
)
, (48)
where κν = κ
abs
ν +σ
sc
ν . The temperature at the outer boundary
is determined by the thermal balance between the compres-
sion heating and radiative cooling
Puout
d
dr
(
1
ρout
)
= −Λcon − Λline. (49)
Since the temperature in the dust cocoon is mostly deter-
mined by the local thermal balance between the absorption
and emission of the continuum emission, i.e., Λcon = 0 in
Equation (43), structure of the dust cocoon is actually in-
sensitive to the outer boundary condition of the tempera-
ture.
5 RESULTS FOR CASES WITH CONSTANT
ACCRETION RATES
We here see the evolution of envelope structures with
constant accretion rates ÛM = 10−3, 10−4, 10−5Myr−1, and
estimate the upper mass limits. We consider the variation
of metallicities covering Z = 1, 10−1, 10−2, 10−3, and 10−4Z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Figure 7. The evolution of the envelope structure with metallicity Z = 1Z and accretion rate ÛM = 10−4Myr−1. In each panel, the solid
and dashed lines indicate the regions where the dust is present and absent, respectively. Panel (a): temperature distributions. The thin
dashed horizontal line indicates the dust sublimation temperature of 1200K. (b): velocity distributions normalized by the free-fall value.
(c): The density distributions. The density is multiplied by r1.5 to emphasize the deviations from the free-fall density profile. (d): The
distribution of the ratio of the radiation pressure to the gravity. In all of the panels, the different colors represent the different epochs
which correspond to the following different stages of the protostellar evolution: the adiabatic accretion (at 2.0M), swelling (at 6.6M)
and KH contraction (at 10 and 12M). In panel (b), we can see that the minimum value of the velocity ratio u/uff becomes 1/10 at the
epoch of M∗ = 12M. The inner end of each line is the radius of the protostar.
for each accretion rate. Since the radiation pressure exerted
on dust grains is not efficient for terminating the accretion
flow at <∼ 10−3Z (Eq. 24), we only consider the cases with
Z ≥ 10−4Z in our numerical calculations. Note that only
the effect of the radiation pressure on the dust cocoon is
consistently taken into account here. The effect of the feed-
back caused by an expanding HII region just follows our
analytic consideration presented in Section 3.
Before examining the numerical results in more detail,
we overview the resulting upper mass limits for the vari-
ous cases in Figure 6 (marked by the symbols ♦, O, and
). At lowest metallicities where the upper mass limits are
set by the growth of HII regions, the limits by the ana-
lytic argument are indicated by circles ©. The analytical
estimates given in Section 3 are also shown by the dashed
lines for comparison. We see quite good agreements between
the numerical and analytical results. The dominant feedback
mechanisms are identical for almost all of the examined pa-
rameter space. Some disagreement appears only for the cases
where the envelope is optically thick for the direct light but
optically thin for the diffuse light (marked by the symbols
O): the analytic argument tells that the upper limit should
not depend on metallicity, while it actually increases with
decreasing metallicity according to our numerical results.
Below we see the evolution of envelope structures in
the order of decreasing the optical depth of the dust cocoon,
where the radiation pressure operates in different ways to
terminate the accretion flow.
5.1 Cases that the dust cocoon is optically thick
to the diffuse light
We begin with the case of Z = 1Z and ÛM =
10−4Myr−1. Our analytic model predicts that the accretion
terminates at M∗ ' 17M by the diffuse radiation pressure in
this case, where the envelope remains optically thick to the
diffuse light throughout the accretion stage (see Section 3).
Figure 7 shows the distributions of the temperature,
density, infall velocity, and the ratio of radiation pressure
to the gravity force at different epochs in this case. The
infall velocity is normalized by the free-fall velocity. The
density distribution is plotted as ρr3/2 to emphasize the de-
viation from that in the free-fall case (i.e., ρ ∝ r−3/2). The
solid part of the lines corresponds to the region where the
dust is present, while the dashed part to the region where
it has already been evaporated. Here, we consider the dust
destruction radius as the point where the dust reduction fac-
tor  defined by Equation (37) takes the value of 0.1. The
four lines in each panel correspond to the different stages
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Figure 8. Radial distribution of local optical depth for the case of
Z = 1Z and ÛM = 10−4Myr−1. The solid and dashed lines shows
those for the IR and UV range, ρκIRr and ρκUVr . The same colors
indicate the same epochs shown in Figure 7.
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Figure 9. The spectral energy distributions at different radii in
the envelope at the epoch of M∗ = 12M for the case with Z = 1Z
and ÛM = 10−4Myr−1. The different lines show those at the radii
r = 0.1−104au indicated in the legend. The solid and dashed parts
of the lines correspond to the region where dust is present and
absent, respectively.
of the protostellar evolution: the adiabatic accretion (2M),
swelling (6.6M) and KH contraction phases (10M, 12M).
Also at the final snapshot for M∗ ' 12M, the accretion flow
is being stopped by the radiation pressure.
Temperature is relatively low with < 100K around the
outer boundary, but increases in the inner region. It reaches
the dust sublimation value of 1200K at radius 10 − 100au,
depending on the protostellar mass. The temperature con-
tinues to rise inward also in the dust-free region up to the
stellar surface. With increasing the protostellar mass and so
the luminosity, the temperature is higher at a fixed radius
because of the higher radiative heating. Note that the dust
destruction front moves outwards with increasing the stellar
mass since the dust sublimation temperature is constant at
1200K.
Radiation pressure to the accretion flow increases with
growing stellar luminosity. While the protostar is still small
(2.0 and 6.6M), the flow is close to the free fall (Figure 7 b
and d) due to negligible radiation pressure. Once the stellar
mass exceeds ∼ 10M, the radiation pressure effect becomes
remarkable. Especially, when the stellar mass reaches 12M,
radiation pressure almost balances with the gravity within
300au, and eventually exceeds it around 100au. As a conse-
quence, the flow is decelerated to 10 % of the free-fall velocity
around 50au. The slow-down of the flow also affects the den-
sity distribution. As seen in Figure 7 b, the density follows
the free-fall law of ∝ r−3/2 at early epochs with M∗ ' 2.0 M
and 6.6 M. At M∗ ' 12M, however, the radiation pres-
sure effect becomes conspicuous and a shell-like structure is
formed at ' 50au, where the radiation pressure effect is the
most prominent.
Recall that, in Section 2, we have assumed the free-fall
flow at the photosphere as the outer boundary condition
for our numerical models of the accreting protostars. We
note that this is always justified even if the accretion flow is
greatly decelerated through the dust cocoon. For example,
at the epoch of M∗ ' 12 M where the flow is remarkably de-
celerated at ' 50 au, the flow accelerates again after passing
through the dust destruction front owing to very small gas
opacity. As a result, the velocity recovers the free-fall value
before reaching ∼ 0.1 au. Our modeling of the accreting pro-
tostar and surrounding dust cocoon is thus consistent each
other.
Figure 8 shows the radial distributions of the local op-
tical depths for direct and diffuse light ρκUVr and ρκIRr, for
the same epochs as in Figure 7. Here, the opacity for the di-
rect light κUV is estimated in the same way as in Section 3.1
and that for the diffuse light is given by the Rosseland mean
opacity at each radius. The local optical depth is the ratio
of the photon mean free path to the local physical scale,
and also represents the contribution to the optical depth
τ =
∫
ρκdr from each region on the logarithmic scale as
ρκr = dτ/d ln r. The cocoon is optically thick both to the di-
rect and diffuse light near the dust destruction front, and the
peak values of the local optical depths are ρκUVr ∼ 102 and
ρκIRr ∼ 10. Except the final epoch of M∗ ' 12M, the peak
values of ρκUVr and ρκIRr gradually decrease as the stellar
mass increases, because the density decreases and the dust
destruction front moves outward. In contrast, the peak be-
comes higher for M∗ ' 12M than in the previous epochs
since the density around the dust destruction front sharply
increases due to the deceleration of the accretion flow.
Next we show in Figure 9 the radiative energy
distribution inside the envelope at the different radii
0.1, 1, 10, 102, 103 and 104au at the epoch of M∗ ' 12 M,
when the radiation pressure almost halts the accretion flow.
The dust destruction front locates at 20au in this moment,
and the solid (dashed) lines in this figure indicates those
in the region where the dust is present (absent), respec-
tively. Since the gas opacity is large in a hot environment
near the protostar, the gas photosphere appears at 0.2au. In-
side the photosphere, the spectral peak shifts to the higher
frequency as the measuring point approaches the star be-
cause the temperature rises. For example, the peak shifts
from 0.3µm (1015Hz) at 1au, outside the gas photosphere, to
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0.15µm (2×1015Hz) at 0.1au, inside the photosphere. Between
the gas photosphere and the dust destruction front (1−10au),
the envelope is optically thin and the radiation field is dom-
inated by the direct light from the photosphere, which is
the blackbody at 104K. Around the dust destruction front,
the envelope is very optically thick and the direct light is
absorbed and re-emitted by the dust grains. The main radi-
ation component outside the dust destruction front (> 20au)
is the diffuse light, peaking at the infrared 1013 − 1014Hz
(3 − 30µm). Outside the dust destruction front, the optical
depth ρκIRr exceeds unity even for the diffuse light up to
103au, and the absorption and re-emission repeatedly occurs.
The radiation pressure almost balances the gravity in this
region, and the flow velocity is nearly constant. We can see
that the flow is mostly decelerated around 50au outside the
dust destruction front, where re-emitted diffuse light is the
dominant radiation component. Finally, observed from out-
side, the spectrum peaks around 1013Hz, corresponding to
the dust photospheric temperature of 150K. The dip around
10µm comes from the presence of the silicate feature in the
absorption opacity in this wavelength range (Figure 5). Ow-
ing to the large absorption opacity, only photons emitted
from outer cold regions can escape from the cocoon, so the
radiation intensity becomes weak in this band.
5.2 Cases that the envelope is optically thick to
the direct light but thin to the diffuse light
Next, we see the case of Z = 10−1Z and ÛM =
10−4Myr−1 as an example. According to the analysis in Sec-
tion 3, the dust cocoon is always optically thick to the direct
light while it becomes optically thin to the diffuse light for
>∼ 5M. Also, it is predicted that the accretion flow is halted
at 30M by radiation force by the direct light exerted on the
dust destruction front (Eq. 13 and Sec. 3.2.1).
As in Figure 7, Figure 10 shows the envelope structure
in this case at six different evolutionary stages: the adiabatic
accretion (2M), swelling (5M), KH contraction (8.9M),
and main sequence accretion (15, 20 and 30M) phases. At
the final epoch at M∗ ' 30M, the accretion flow is being
stopped by the radiation force.
As in the case seen in Section 5.1, the flow is almost
the free fall when the protostar is small (2 and 5M; Figure
10 b and d). For M∗ >∼ 9M, the radiation force becomes as
large as the gravitational attraction near the dust destruc-
tion front. When the protostellar mass exceeds 14M, the
radiation force exceeds the gravity around 102au and decel-
erates the flow. At 30M, the radiation force reaches about
twice the gravity at 102au, and the accretion flow is deceler-
ated to 10% of the free fall velocity. Unlike the case in Section
5.1 (at 12M), here the radiation force by the diffuse light,
which is dominant outside a few 10 au, is only half of the
gravity. But more inside, the deceleration by the direct light
sharply occurs in a narrow region around the dust destruc-
tion front. As a result, the density rises more steeply, and
a thinner shell-like structure is formed than seen in Section
5.1 (Figure 10 c).
The local optical depths to the direct (ρκUVr) and dif-
fuse light (ρκIRr) are shown in Figure 11. The peak val-
ues of both ρκUVr and ρκIRr decrease with the protostellar
mass, except for the final phase of 30M, where the density
is enhanced around the dust destruction front due to the
deceleration. The cocoon is always optically thick to the di-
rect light, with maximum ρκUVr ' 10. To the diffuse light,
on the other hand, while the cocoon is marginally optically
thick with ρκIRr ∼ 1 at early stages (2 and 5M), it becomes
optically thin for >∼ 9M.
Next, in Figure 12, the radiative energy distribution
is shown at different radii (0.1, 1, 10, 102, 103, and 104au) at
the protostellar mass of 30M, where the accretion flow
is decelerated remarkably by the radiation force. The dust
destruction front is around 102au: the inner three spectra
(0.1, 1, 10au) are those inside the dust free region and the rest
(102, 103, 104au) are in the dusty region. In the inner opti-
cally thin region (1, 10au), the spectrum is of the black-body
at 2 × 104K emitted from the gas photosphere, peaking at
0.3µm (1015Hz). This direct light is absorbed and re-emitted
at the dust destruction front. In the spectrum at 102au we
can see that the direct light at ∼ 0.3µm has been absorbed
and re-emitted as the diffuse light. Since the dust cocoon is
optically thin to the diffuse light, photons re-emitted at the
dust destruction front escapes freely without absorption. In
the outer dusty region (103 and 104au), the radiation field
is dominated by that re-emitted component at the dust de-
struction front, which peaks at 4µm (7×1013Hz) correspond-
ing to the dust sublimation temperature 1200K. Since the
dust cocoon is optically thin to the diffuse light, the spec-
trum is hardly modified and can be directly observed from
outside. Contrary to those shown in Figure 9, a bump ap-
pears around 10µm in the spectrum. This is because more
radiation is re-emitted at this frequency range due to the
higher value of opacity (Figure 5).
5.3 Cases that the envelope is optically thin also
to the direct light
Finally, we see the case of Z = 10−3Z and ÛM =
10−3Myr−1. According to the analytic argument in Section
3, the dust cocoon is always optically thin both to the dif-
fuse and direct light. The upper mass limit is predicted as
103M (Sec. 3.2.1) due to radiation force by the direct light
in the optically thin envelope and also to the expansion of
the HII region. Note that the effect of the HII region forma-
tion is not included in the current numerical model but is
estimated by the analytic argument.
The evolution of the envelope structure is shown in
Figure 13, where the six lines correspond to epochs of the
adiabatic accretion (2M), swelling (7M), KH contraction
(15M) and main sequence accretion (37, 510 and 980M),
respectively. At 980M, accretion flow is being stopped by
the radiation pressure.
The radiation force becomes conspicuous when the pro-
tostar becomes more massive than 15M. Unlike the cases
seen above in Sections 5.1 and 5.2, radiation pressure be-
comes strong near the inner and outer boundaries (Figure
13 d). Around the outer boundary, the dust grains work as
the opacity source. Since the envelope is very optically thin
and the direct light is hardly attenuated, the ratio of ra-
diation pressure to gravity remains constant. On the other
hand, the opacity in the inner region is dominated by the
electron scattering. For M∗ >∼ 15M, although the photoion-
ization is not taken into account in this calculation, thermal
ionization proceeds in the region where the temperature ex-
ceeds 104K near the star (Figure 13 a, b and d). This ion-
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Figure 10. Same as Figure 7, but for the case of Z = 10−1Z and ÛM = 10−4Myr−1. Shown are the distributions at the following stages:
the adiabatic accretion (2M), swelling (5M), KH contraction (8.9M) and the main sequence accretion (14, 20 and 30M). In panel
(b), the minimum value of the velocity ratio u/uff is 1/10 at the stellar mass of 30M.
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Figure 11. Same as Figure 8, but for the case with Z = 10−1Z
and ÛM = 10−4Myr−1. Shown with the same color are those at the
same epochs as in Figure 10.
ized region expands with the growth of the protostar owing
to the increasing radiative heating. Next, we see the case
of 980M, where the flow is remarkably decelerated by the
radiation force. Already at the outer boundary, the inflow
is slow with only 20% of the free-fall velocity. Subsequently,
the flow is decelerated to 10% of the free-fall velocity by the
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Figure 12. Same as Figure 9, but for the case with Z = 10−1Z
and ÛM = 10−4Myr−1 at the epoch of 30 M, where the accretion
is being halted. The lines are for those at the radii, 0.1AU−104au,
indicated in the legend.
radiation force at 5 × 103au. Since the envelope is very op-
tically thin, the radiation force is dominated by the direct
radiation. Further inside, although the flow is once acceler-
ated after the dust sublimation and reaches almost the free
fall velocity around 100au as a result of the decrease of opac-
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Figure 13. Same as Figure 7, but for Z = 10−3Z and ÛM = 10−3Myr−1. Shown are those at the following evolutionary stage: the
adiabatic accretion (2M), swelling (7M), KH contraction (15M) and the main-sequence accretion (37, 510 and 980M). The minimum
velocity ratio to the free-fall value is 1/10 at the epoch of 980M.
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Figure 14. Same as Figure 8, but for the case with Z = 10−3Z
and ÛM = 10−3Myr−1. Shown with the same color are those at the
same epochs as in Figure 13.
ity and so radiation pressure, the ionization of gas raises the
opacity near the star (< 10au) and the flow becomes as slow
as 40% of the free fall again. Note also the density enhance-
ment accompanying the slow down of the flow in the outer
(>∼ 5 × 103au) and inner (<∼ 10au) regions (Figure 13 c).
Figure 14 shows the local optical depths for the direct
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Figure 15. Same as Figure 9, but for the case with Z = 10−3Z
and ÛM = 10−3Myr−1 at the epoch of 980 M, where the accretion
is being halted.
and diffuse light. Again those values decrease with the pro-
tostellar mass except for the final epoch of M∗ ' 980 M.
The envelope is optically thin to the diffuse light for any
mass range and also to the direct light for M∗ >∼ 15M.
Figure 15 shows the radiative energy distribution at
different radii for the final epoch M∗ ' 980M. The dust
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destruction front locates at ∼ 103au and the inner three
radii shown (1, 10, 102, 103au) correspond to the dust-free re-
gion and the outermost one (104au) is in the dusty region.
In the inner dust-free region, the radiation field is domi-
nated by the direct light in the black-body shape peaking
at 0.3µm (1015Hz). From the comparison between the spec-
tra in the dust-free (10au) and in the dusty (104au) regions,
we see that the direct light is hardly absorbed in the en-
velope although with slight modification. For example, the
bump around 10µm in the spectrum at 104au is due to the
re-emitted radiation by the dust grains as in Figure 12.
5.4 Comparison between numerical and analytical
results
In our spherically symmetric steady-flow framework, we
cannot follow the evolution until the flow completely halts.
Here, as a guide, we choose the epoch when the flow ve-
locity falls to 1/10 of the free-fall velocity as the end of the
accretion and obtain the stellar upper mass limit. The upper
mass limit obtained in this way has been presented in Fig-
ure 6. Somewhat different choice of this criterion changes
the result only moderately since the protostellar luminos-
ity and thus its radiation pressure on to the flow increases
rapidly beyond this mass. If we continued calculation after
this point, the flow would be ever decelerated and more gas
accumulates in a shell-like structure. In such a situation,
the thermal pressure, which is neglected here, can be impor-
tant as the flow becomes subsonic (see Figures 7 and 10).
Although we can imagine the flow solutions where thermal
pressure force in the shell pushes the gas inward against the
radiation force, this is an artifact of spherical symmetry as-
sumption. The shell-like structure would not be maintained
in realistic multi-dimensional situation by growth of non-
spherical perturbation (e.g., Krumholz et al. 2009) . Here,
since our aim is to estimate the epoch when the stellar ra-
diation feedback on to the flow becomes remarkable and we
are not interested in detailed shell structure when the flow is
very decelerated, our neglect of thermal pressure is justified.
The different symbols in Figure 6 represent difference
in the way the radiation force works on the flow in the final
stage, i.e., (i) the dust cocoon is optically thick also to the
diffuse light and deceleration of the flow is mainly caused
by diffuse light, (ii) the dust cocoon is optically thick to the
direct light but thin to the diffuse light, and deceleration
is mainly by the direct light at the dust destruction front,
and (iii) the dust cocoon is optically thin also to the direct
light and deceleration by direct light occurs in the entire
dust cocoon. In addition, at very low metallicities where the
HII region expansion is predicted by the analytic argument
to be more effective than the radiation force in halting the
accretion, the analytic estimate by Equation (23) is plotted
instead as the upper limit. Here, when the cocoon is optically
thick to the direct light, we have classified the cases (i) or (ii)
according to whether the contribution to the radiation force
is dominated by the direct light or by the diffuse light at the
radius rrad where the ratio of radiation pressure and gravity
becomes maximum. Since the former is ∝ κUVe−τrad , where,
τrad is the optical depth between the dust destruction front
and rrad for direct light, and the latter is ∝ κIR(1− e−τrad ), the
case (i), i.e., the former is higher than the latter, corresponds
to τrad > ln(κUV/κIR + 1) ' 4.3, and vice versa. Here, we have
used κUV/κIR = 70 from Section 3.2.1.
The numerical and analytical results shown in Figure
6 are in good agreement each other in the cases that (i)
the dust cocoon is optically thick for diffuse light and (iii)
optically thin for direct light, but there is some discrep-
ancy in the case (ii) where the flow is stopped by radia-
tion pressure of direct light at the dust destruction front.
In particular, in the case (ii), the analytic estimate for the
upper mass limit does not depend on the metallicity (Eq.
13), while the numerical ones increase toward lower metal-
licities. This comes from breakdown of the assumption in
the analytical estimate that all the direct light is absorbed
at the dust destruction front (Eq. 12). In reality, a part
of the radiation escapes without being absorbed in low-
metallicity cases, where the optical depth is relatively small.
Toward the lower metallicity, the momentum received by
the accretion flow from the direct light thus decreases so
that the upper mass limits increases. To illustrate this ef-
fect, we show the radiative energy distributions in the two
cases where ÛM = 10−3Myr−1, M∗ = 57M, Z = 10−1Z and
10−2Z in Figure 16. In both cases, the dominant radiative
feedback is by the radiation force at the dust destruction
front. For 10−1Z, we can see that the direct light peak-
ing at 0.3µm (1015Hz) is totally absorbed and re-emitted in
the dust cocoon, and the radiation field outside 103au con-
sists only of the diffuse component (top panel of Figure 16).
On the other hand, in the case of 10−2Z, as seen in the
spectra at 103 and 104au, a part of the direct light escapes
from the dust cocoon without absorption (bottom panel of
Figure 16 ). The dust opacity has frequency-dependence as
shown in Figure 5 and decreases toward longer wavelengths
from 0.3µm where energy distribution of the direct light
becomes maximum, e.g., the absorption opacity becomes
κ ≈ 70cm2g−1 (Z/Z) at 1µm. This value is 1/5 smaller than
the opacity, κUV = 350cm2g−1 (Z/Z), used for the analytical
estimate for the optical depth, τUV, in Section 3. Therefore,
the cocoon becomes optically thin for the direct light at
∼ 1µm even if the optical depth is τUV ≈ 1 in our analytical
framework. In this case, radiation pressure becomes weaker
than estimated in Equation (12) because longer-wavelength
photons can escape through the cocoon. In the analytical
estimate, Equation (12) is only applicable when the dust co-
coon becomes optically thick for all main components of the
direct light. For the cocoon to be optically thick also to those
long-wavelength photons around 1µm and Equation (12) to
be usable, τUV > 5 is required in the analytical estimate.
6 RESULTS FOR CASES WITH
METALLICITY-DEPENDENT ACCRETION
HISTORIES
So far, the accretion rate is treated as a free parame-
ter and arbitrarily chosen for a given metallicity. In reality,
the accretion rate should depend on the temperature during
the pre-stellar collapse (Eq. 1), which is controlled by the
amount of dust grains and heavy elements, i.e., metallicity.
In this section, we use accretion history derived from
temperature evolution during the collapse for each metal-
licity and estimate the upper mass limit as a function of
metallicity. The accretion rates adopted here are shown in
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Figure 16. Comparison of the spectral energy distribution at
57M with metallicities Z = 10−1Z (top) and 10−2Z (bottom).
In both cases, the cocoon is optically thick to the UV (τUV > 1)
but thin to the IR wavelengths (τIR < 1). The lines are for those
at the radii, 0.1 − 104au, indicated in the legend. The solid and
dashed lines correspond to the region where the dust is present
and absent, respectively.
Figure 17, which is the same as in HO09b, who derived those
rates from the temperature evolution by the one-zone cal-
culation of Omukai et al. (2005). With those accretion his-
tories, we solve protostellar evolution as in Section 2. The
obtained evolution of the stellar radii and luminosities are
summarized in Figure 18.
The upper mass limit by the analytical argument in Sec-
tion 3.2 is presented in Figure 19 for the accretion histories
shown in Figure 17. The meaning of lines are the same as in
Figure 3, but the limits are calculated only at metallicities
where the accretion histories are given. In Section 3 (Fig-
ure 3), at relatively high metallicity, the diffuse radiation
force is important in terminating accretion. Here, however,
such a situation does not appear for any metallicity since
the accretion rate is very small < 10−6Myr−1 in cases with
relatively high metallicity (≥ 10−1Z) and the envelope is
optically thin to the diffuse light. In such cases, the dust
cocoon is optically thick to the direct light and the radia-
tion force at the dust destruction front sets the upper mass
limit at ∼ 10M by Equation (13). With metallicity as low as
10−2Z, the dust cocoon becomes transparent also to the di-
rect light. Thus, the direct light exerts the radiation force in
the entire dust cocoon, setting the upper mass limit at 26M
by Equation (14). With even lower metallicity of ≤ 10−3Z,
the dominant feedback is by the expansion of the HII region,
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Figure 17. The accretion-rate histories for metallicities
1,10−1,10−2,10−3,10−4,10−5,10−6, 0Z (from bottom to top) derived
from pre-stellar temperature evolution. Adapted from HO09b.
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Figure 18. The evolution of protostellar radii (top) and lumi-
nosities (bottom) for different metallicities, as shown in Figure 2,
but for accretion histories given in Figure 17.
and the upper limit is given by Equation (23), which depends
only on the accretion rate. With lower metallicity, the accre-
tion rate becomes higher and the upper mass limit by the
HII-region expansion increases, which is 34M at 10−3Z,
and 540M at 10−6Z, respectively. In Figure 19, the an-
alytic estimate by HO09 is also shown (dashed line). This
is very close to our numerical estimate, but there is slight
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Figure 19. The stellar upper mass limit at different metallicities
for the accretion histories shown in Figure 17 and the protostel-
lar evolution in Figure 18. Symbols represent the limit estimated
from the numerical models. The symbols indicate the dominant
mechanisms for halting the inflow at the limits as in Figure 6:
(1) the cocoon is optically thin to the diffuse radiation but still
thick to the direct radiation, and the flow is decelerated mostly
by the direct radiation pressure around the dust destruction front
(O); (2) the cocoon is optically thin also to diffuse radiation, and
so the direct radiation pressure onto the entire cocoon deceler-
ates the flow (). Also shown by the blue line is the limit by the
analytical argument in Section 3. For comparison, the analytic
estimate by HO09b is shown by the dashed line. Note that, in the
case that the maximum mass is limited by the HII-region growth,
the symbols © indicate the analytical estimate given in Section
3.2.2
differences. Firstly, HO09 set the dust destruction front ra-
dius at 35
(
L∗/105L
)1/2
au, which is smaller than the value
used here. This results in slightly lower upper limit than ours
(Eq. 13) at Z. Secondly, HO09 assumed the free-fall density
distribution in estimating the effect of the HII region expan-
sion, while we here take into account the radiation pressure
effect on to the flow and so the density is enhanced from
theirs (Eq. 20). Thus, the upper mass limit becomes higher
in our case because more ionizing photons are needed for the
expansion of HII region. However, both of the above have
just minor effects.
As in Section 5, we calculate the envelope evolution nu-
merically to find the upper mass limits, which are shown
in Figure 19 by the same symbols as in Figure 6. With
relatively high metallicities of Z = 1 Z and 10−1Z, the
upper limits are 7.8 and 13M respectively, set by the radi-
ation pressure at the dust destruction front. At metallicity
of 10−2Z, the dust cocoon becomes transparent also to the
direct light, which finally limits the accretion at M∗ ' 27M
via the radiation pressure working on the entire dust cocoon.
At metallicity 10−3Z, the radiation feedback does not be-
come significant before reaching 35M, the analytical esti-
mate for the maximum mass by the HII region expansion.
With even lower metallicities, the upper limits are all set
by the HII region feedback. Note that the upper limits by
the radiative feedback agree surprisingly well with the ana-
lytical estimates in all the metallicity range. At metallicity
10−1Z, although the optical depth to the direct light is
close to unity, and so the numerical result is larger than the
analytical value as mentioned in Section 5.4, this difference
remains very small.
7 CONCLUSION AND DISCUSSION
We have calculated the evolution of accreting proto-
stars and its envelope structures for different metallicities
assuming the spherically symmetric steady accretion. By
regarding the moment when the strong radiative feedback
decelerates the accretion flow down to 10% of the free-fall
velocity as the epoch when the accretion ceases, we have
derived the upper stellar mass limits. First we have inves-
tigated the cases with various parameter sets of accretion
rates ÛM = 10−3,10−4,10−5Myr−1 and metallicities Z = 1,
10−1, 10−2, 10−3, 10−4Z. We then have studied the cases
where the accretion histories are determined by the thermal
evolution in the prestellar collapse, which varies with dif-
ferent metallicities. We have also compared the numerical
results to our previous analytic estimates , and found that
the analytical estimates are in good agreement with the nu-
merical results. Our findings can be summarized as follows.
– The upper mass limit is set by the radiation force on
to the dust cocoon in relatively metal-enriched cases with
>∼ 10−3−10−2Z, and increases toward lower metallicity for a
fixed constant accretion rate. At even lower metallicities, the
HII region expansion terminates the mass accretion and the
upper limit in this case does not depend on the metallicity
for the same accretion rate.
– At the constant accretion rate of 10−4Myr−1, which is
roughly the typical value for the present-day high-mass star
formation as well as in primordial star formation, the radi-
ation force on to the dust cocoon terminates the protostel-
lar accretion when the protostar becomes massive enough
in cases with metallicity higher than ∼ 10−2Z. The upper
mass limit increases with decreasing metallicity from 12M
(at 1Z), 30M (at 10−1Z) to 47M (at 10−2Z). The ra-
diative feedback can be classified in to three cases according
to the optical thickness of the dusty envelope. With high
enough metallicity (∼ 1Z), the dusty envelope is optically
thick not only to the direct stellar light but also to the re-
emitted infrared light. In such cases, the radiation feedback
is dominated by the re-emitted light and its effect on the
flow is most important outside the dust destruction front.
With lower metallicity (∼ 10−2 − 0.1Z), the dusty enve-
lope becomes optically thick to the direct light but is still
thin to the diffuse light. In this case, the radiation force by
direct light at the dust destruction front works as the dom-
inant feedback mechanism to terminate the accretion. With
metallicity below ∼ 10−2Z, the envelope becomes optically
thin also to the diffuse light and the direct radiation force is
exerted to the entire dusty envelope. At such low metallici-
ties, the expansion of the HII region is actually more effec-
tive in terminating the accretion. The upper mass limit by
this mechanism is 94M for this accretion rate and does not
depend on the metallicity.
– In general, the upper limit increases with the accretion
rate for a fixed metallicity (see Figure 6). At metallicity
∼ 1Z, where the dominant feedback is due to the diffuse
light, the maximum protostellar mass is, however, always
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around 20M and does not depend on the accretion rate
(see Eq. 11 ).
– When the accretion-rate history estimated from the
prestellar thermal evolution at each metallicity is used, the
maximum mass increases more rapidly toward lower metal-
licities than in the case of constant accretion rate since the
accretion rate also becomes higher at lower metallicities. In
this case, the radiation feedback to the dust cocoon sets the
maximum mass for >∼ 10−2Z and this limit increases from
8M (at 1Z) to 30M (at 10−2Z). Below ∼ 10−2Z, the
HII-region expansion instead limits the stellar mass growth
and the maximum mass increases from 35M at 10−3Z to
540M at Z = 0 as a result of the increase in the accretion
rate. Our numerical results in this case are in very good
agreement with the analytic estimate by HO09.
Although with simplistic assumptions of the spherically
symmetric and steady state accretion, the upper mass lim-
its obtained here would give a rough guide for the epoch
when accretion growth of stars is strongly hindered by the
stellar feedback. Based on this result, we here discuss pos-
sible variations of the stellar mass as a function of metal-
licity. At metallicity as high as ∼ 1Z, regardless of the
accretion rate, stars more massive than 20M cannot be
formed by the spherical accretion. In contrast, for metal-
licity Z <∼ 10−1Z, stars more massive than dozens of the
sun can easily be formed as long as the accretion rate is
higher than 10−4Myr−1. Somewhat dramatic jump in the
maximum mass occurs at metallicity between 10−2Z and
10−3Z: it is ' 100M in the range of 10−2 − 10−1Z, but
reaches ' 103M at <∼ 10−3Z (see Figures 3 and 6). This
jump in the upper mass limit might also be imprinted in the
shape of the stellar IMF at this metallicity range. Observa-
tionally, the slope of the IMF of star clusters and OB asso-
ciations in low-metallicity environments such as in the Mag-
ellanic Clouds is very similar to that in the Milky Way (e.g.,
Bastian et al. 2010). The metallicity effects on IMF might
just be masked or compensated by other factors affecting
the stellar mass as well such as the fragmentation proper-
ties during the prestallar collapse, turbulence etc. (Kroupa
2001). Also, while no star with the initial mass higher than
200M has not been found in our Galaxy, those with more
than 300M appear to exist in the Large Magellanic Cloud
(Crowther et al. 2010). This difference in the cut-off in the
IMF may come from the metallicity effect on the stellar feed-
back.
With even lower metallicity of <∼ 10−3Z, the maximum
mass is limited by the HII-region expansion and depends
only on the accretion rate, rather than on the metallic-
ity. In this case, the accretion evolution of protostars be-
comes almost identical to that of the primordial stars, for
which three dimensional simulations predict that very mas-
sive stars with M∗ & 600M can be formed (Hosokawa
et al. 2016). Nonetheless, the effects of finite metallicity
may change the evolution. For instance, presence of a small
amount of heavy elements will modify the structure of the
HII region, via additional cooling and absorption of UV pho-
tons. We will take these effects into account in future studies.
The way that the radiation force disturbs the accre-
tion flow qualitatively differs with different optical depths
of the dust cocoon, as seen in this paper. We can investigate
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Figure 20. Evolution of the spectral energy distribution observed
from the outside. The lines in each panel correspond to different
epochs. Panel (i) shows the case of Z = 1Z and ÛM = 10−4Myr−1,
where τUV, τIR > 1, as seen in Section 5.1, (ii) the case of Z =
10−1Z and ÛM = 10−4Myr−1, where τUV > 1, τIR < 1, as seen in
Section 5.2, and (iii) the case of Z = 10−3Z and ÛM = 10−3Myr−1,
where τUV, τIR < 1, as seen Section 5.3.
whether the stellar direct light is converted to the diffuse
light through the dust cocoon to terminate the accretion
by observing the spectral energy distributions of protostars.
Figure 20 shows such spectral features of accreting proto-
stars seen from outside for three optical-depth regimes: (i)
τUV, τIR > 1, (ii) τUV > 1, τIR < 1, and (iii) τUV, τIR < 1. In the
optically thick case shown in the panel (i), the temperature
of the dust photosphere is low at a few 100 K and the spectral
peak is around 30µm through the protostar phase. The 10µm
silicate feature by the stretching mode of the Si-O bond ap-
pears as a dip in the spectrum. In the intermediate optical
depth case shown in panel (ii), the radiation is emitted from
the dust destruction front at 1200K and the spectrum peaks
at ' 4µm. In the mid-infrared, the spectrum is very flat with
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the 10µm feature appearing as a bump, unlike in panel (i).
In the optically thin case shown in panel (iii), the direct light
from the protostar dominates the spectrum, peaking at the
UV to optical bands. The 10µm feature appears as a bump
as in (ii).
Finally, we discuss a few effects which were not included
in our numerical modeling. Although we have regarded the
moment that the flow velocity in the envelope falls below
1/10 of the free-fall value at some radius as the termina-
tion epoch of the accretion, strictly speaking the stars can
continue to grow even after that in our spherical accre-
tion framework. From the fact that the luminosity increases
rapidly and radiation feedback becomes correspondingly in-
tense toward higher masses, we expect that the accretion
rate is greatly reduced slightly after the stellar mass exceeds
our upper limit and the accretion will be stopped before
long. Nonetheless, multi-dimensional effects must be impor-
tant. In fact, stars much larger than our spherical limits are
found even in the solar neighborhood. This discrepancy is
just the radiation-pressure barrier described in Section 1,
and will be attributable to the three-dimentional nature of
the accretion. In a realistic situation, a circumstellar disk is
formed due to the finite angular momentum and accretion
proceeds through the disk. Radiation thus escapes prefer-
entially in the polar directions perpendicular to the disk,
and the radiative feedback to the matter behind the disk
becomes weaker. In addition, even the gas in the polar di-
rection, which receives more direct light, might be able to
accrete owing to the Rayleigh-Taylor instability at the dust
destruction front (Rosen et al. 2016; Krumholz et al. 2009,
but see Klassen et al. 2016; Kuiper et al. 2012). As a re-
sult of these processes, stars much more massive than the
spherical limit could be formed (Yorke & Bodenheimer 1999;
Krumholz et al. 2009; Kuiper et al. 2012; Tanaka et al. 2017).
Those multi-dimensional studies are mostly for ∼ 1Z, and
further studies are still awaited for the cases with the lower
metallicities.
We have assumed that dust grains are dynamically cou-
pled with the gas. The radiation force on dust grains is trans-
ferred to the gas via drag force by collision. The assumption
of the gas and dust coupling breaks down if the velocity
offset between the dust and the gas becomes comparable
to the flow velocity. We here estimate their velocity offset
vd considering the balance between the radiation and drag
forces on the grains (Wolfire & Cassinelli 1987). Note that
the gravity on grains is negligible compared to the radiation
force. Radiation force onto a grain with radius a is
Frad =
pia2
∫
LνQνdν
4pir2c
=
pia2L∗〈Q〉
4pir2c
, (50)
where Qν is the extinction efficiency factor and 〈Q〉 =∫
LνQνdν/L∗. Drag force Fdrag is given by (Draine & Salpeter
1979),
Fdrag = 2pia2kTg
ρ
µmH
8
3
√
pi
S
(
1 +
9pi
64
S2
)1/2
, (51)
where S =
(
µmH
2kTg v
2
d
)1/2
. When the grains completely decouple
from the gas, the relative velocity becomes supersonic and
so S  1. From Frad = Fdrag, the relative velocity vd becomes
vd =
√
L〈Q〉
4pir2cρ
. (52)
or in terms of the ratio with the free-fall velocity (Eq. 4),
vd/uff = 1.26
(
L∗
8 × 105L
)1/2 ( 〈Q〉
1
)1/2 ( ÛM
10−3Myr−1
)−1/2
(
M∗
60M
)1/4 ( R
103AU
)−1/4
. (53)
The value of 〈Q〉 differs greatly between the direct and the
diffuse light. For example, graphite grains of 0.1µm have
〈Q〉 ≈ 1 for the direct light at 2 × 104K, while 〈Q〉 ≈ 10−2 for
the diffuse light at 500K. This means that the decoupling
between the dust and gas occurs when the dust envelope
is optically thin for the direct light. In this case, radiation
force on to the flow is reduced from our estimate because the
grains are removed from the envelope and the opacity de-
creases. Without radiation feedback onto the dust cocoon,
the maximum mass in this case would be set by the HII-
region expansion. Recall, however, that optically-thin direct
light terminates the accretion only in a very limited range in
metallicity (see Figs. 6 and 19). Note also that the drift ve-
locity by Equation (53) is an upper limit since the Coulomb
drag effect (Draine & Salpeter 1979) is not considered. For
charged grains, larger drag by this effect keeps the gas-dust
coupling well. For those reasons, we expect that the gas-dust
decoupling does not affect the upper mass limit in most of
the metallicity range.
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APPENDIX A: METHOD FOR RADIATIVE
TRANSFER CALCULATION
The source function Sν in the momentum equation (31)
is given by Equation (26), which contains Bν(T). To acceler-
ate the convergence of iterative calculation, we need to give
the source function as an explicit function of Jν in the fol-
lowing way (Mihalas & Weibel-Mihalas 1984). By rewriting
Equation (41) as
∫
κabsν Bνdν =
∫
κabsν Jνdν − u
de
dr
− Pu d
dr
(
1
ρ
)
+ Λchem + Λline (A1)
and using Equation (A1), we can write the source function
(Eq. 26) as
Sν =
1
κabsν + σ
sc
ν
κabsν Bν∫
κabsν Bνdν
×
[∫
κabsν Jνdν − u
de
dr
− Pu d
dr
(
1
ρ
)
+ Λchem + Λline
]
+
σscν Jν
κabsν + σ
sc
ν
. (A2)
With Equation (A2), the source function Sν is evaluated
to satisfy Equation (A1) about Jν when we integrate the
moment equations of the radiation transfer equations (Eq.
31 and 32). In this method, the effect of changing the value
of Jν is instantly reflected to the source function Sν , so the
convergence of solution becomes faster.
We calculate the envelope structure in the following
way. For a guessed radial distributions of the density and
temperature (ρ,T), we solve the radiative transfer equation
(Eq. 4.1) by the ray-tracing method and obtain the Edding-
ton factor fν(r) (Eq. 30). For this (ρ,T) distribution, the
terms on the right hand side of Equation (A2) except Jν , i.e.,
Bν , e, Λchem and Λline, are evaluated. Using obtained fν(r)
and expression for Sν (Eq. A2 ), we calculate the zeroth and
the first moments of intensity, (Jν,Hν), by Equations (31)
and (32). We then solve Equations (3), (40) and (41) and
update the guess for the density and temperature distribu-
tions using obtained (Jν,Hν). We repeat this procedure until
the guessed and obtained (ρ,T) distributions converge any-
where in the envelope.
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APPENDIX B: ESCAPE PROBABILITY FOR
THE H2 LINE PHOTONS
The escape probability βesc of H2 line photons in Equa-
tion (44) is given by product of that by self-absorption and
by the continuum absorption:
βesc = f¯esc exp (−τc) , (B1)
where τc is the optical depth of the continuum component
τc. The average escape probability for the lines is calculated
for a slab of the H2 column density NH2 and temperature
T . We consider rovibrational levels in the range v = 0 − 14
and J = 0 − 31, whose energy levels are taken from Borysow
et al. (1989) and the spontaneous radiative transition co-
efficients between them are from Wolniewicz et al. (1998).
The level populations are assumed to be in the local ther-
modynamic equilibrium and the photon escape fraction in
individual lines is given by fesc,i = (1 − e−τi )/τi (see e.g.,
Omukai 2000). The result is fitted in a functional form as
f¯esc =
1(
1 + NH2/Nc
)α , (B2)
where
α = a0 + a1T + a2T
2 + a3T
3 + a4T
4 + a5T
5, (B3)
and
logNc = b0 + b1T + b2T2 + b3T3 + b4T4 + b5T5. (B4)
The coefficients in equations (B3) and (B4) are given in
Tables 1 and 2.
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